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A B S T R A C T

This paper addresses the design of surface shells as assemblies of tileable, flat geometric patterns with pre-
dictable performance in response to mechanical stimuli. We design a family of tileable and fabricable patterns
represented as triangle meshes, which can be assembled for creating surface tessellations. First, a regular
recursive subdivision of the planar space generates different geometric configurations for candidate patterns,
having interesting and varied aesthetic properties. Then, a refinement step addresses manufacturability by
solving for non-manifold configurations and sharp angles that would produce disconnected or weak patterns.
We devise a strategy for creating continuous variations on the geometry of individual patterns, in both
aesthetics and behavior, to enrich the catalog of available designs. Finally, we simulate our patterns to evaluate
their mechanical response when loaded in different scenarios targeting out-of-plane bending. Through a simple
browsing interface, we show that our patterns span a variety of different bending behaviors. The result is a
catalog of patterns with varied aesthetics and predefined mechanical behavior, to use for the direct design of
mechanical metamaterials. To assess the feasibility of our design-to-fabricate approach, we show fabricated
3D objects with different curvatures, and compare physical and simulated experiments.
1. Introduction

Computational fabrication investigates the design and production of
objects at different scales – from architecture to automotive and furni-
ture – to speed up the classic design pipeline and overcome material,
size, and geometric limitations. One of the opportunities opened up
by computational fabrication is the design of mechanical metamaterials
[1,2], a class of man-made structures whose mechanical properties are
determined by the structure geometry. With metamaterials, one can
fine-tune the mechanical properties of physical objects, even from a
single fabrication material, by customizing their fine-scale geometry.

A sensible way of creating metamaterials is by using patterns, i.e.
portions of space with a unique distribution of solid material and voids.
Patterns can be assembled to create tiled surfaces, and the tiling of
patterns with different geometries enables controlling the mechanical
behavior of the resulting surface in response to mechanical stimuli,
e.g. force, deformation, momentum [3]. A remarkable effect of pattern
diversity is the creation of aesthetically pleasant surfaces; indeed, pat-
terns have been extensively used in art and architecture, for example,
for the roof of Louvre Abu Dhabi.

This paper aims to support the creation of metamaterials by tiling
polygonal patterns. We make an initial step in this direction by de-
signing and characterizing a catalog of geometric patterns that cover
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a wide range of mechanical behaviors, especially in terms of bending.
Our patterns can be manufactured by 3D printing or laser-cutting and
assembled to create aesthetically pleasing surface tilings. We demon-
strate the potential of our pattern catalog by fabricating and testing
different physical prototypes.

We cast pattern design as the combinatorial problem of locating
solid material and voids over a surface. First, a regular recursive subdi-
vision of the planar space generates different geometric configurations
(Fig. 1(a)); then, a refinement step guarantees that patterns are fabri-
cable and robust (Fig. 1(b)). We simulate the patterns to characterize
their mechanical response under load (Fig. 1(c)), and present a simple
browsing interface for exploring the design space, in terms of both
aesthetics and behavior (Fig. 1(d)).

Differently from the majority of existing works, we target out-of-
plane 3D deformations and evaluate the bending response of patterns
in three different scenarios: Cantilever, Cylinder and Dome. Our sim-
ulation results show that the patterns exhibit a range of different
mechanical properties and significantly expand the spectrum of pos-
sible deformations compared to solid structures. The user can select a
pattern based on the desired stiffness and target deformation. Finally,
different patterns can be easily manufactured as flat pieces and then
assembled to form spatial assemblies (Fig. 1(e)).
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Fig. 1. Our pipeline, from pattern design to simulation and fabrication: (a) a polygonal pattern as a geometric configuration produced via regular recursive subdivision of the
lanar space, with black indicating solid material and white indicating void; (b) the corresponding fabricable pattern geometry after a refinement step; (c) the bending of the
attern under a simulated loading scenario; (d) the dot corresponding to the pattern in the browsing interface; (e) a sphere fabricated with two different patterns.
Fig. 2. A small subset of exchangeable, tileable, and connected patterns in our catalog.
Fig. 3. Two examples of surface tessellations with different patterns.
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The result is a catalog of patterns that can be employed to create
urface tessellations for the direct design of metamaterials. Fig. 2
hows some example patterns, which span a variety of geometric and
esthetic properties. Fig. 3 shows example surfaces produced by assem-
ling a subset of patterns in different configurations: adjacent patterns
lend smoothly, and the whole metamaterial sheet has a seamless
ppearance.

. Overview

Our aim is to design patterns that can perform as building blocks
n composing larger macrostructures. We assume a polygonal and as-
egular-as-possible tessellation for the target surface, in which as many
iles as possible have the same shape, for example, hexagons [4].

The patterns should be tileable, i.e. connect properly to adjacent
patterns when placed in a tile, and exchangeable, i.e. fit into any region
of the tessellation so that they can switch place, to expand the design
space of mechanical structures achievable.

We start from the idea that every regular convex polygon can
be decomposed into a fan of isosceles triangles emanating from its
centroid; for example, a regular hexagon can be decomposed into a fan
of six equilateral triangles. Therefore, we can create a polygon pattern
by generating a sub-pattern in a triangular slice and then replicating
t by rotational symmetry to fill any convex 𝑛-sided polygon. To gen-
rate different triangular slice patterns, we perform a combinatorial
xploration of possible designs through recursive triangle subdivisions
y considering all possible configurations of solid/void subtriangles at
ach subdivision step (Section 4). Fig. 4(a,b) shows example configu-
ations for two subdivision steps. Once a triangular slice pattern has
een designed, we generate the corresponding polygonal pattern by
eplicating the slice (Fig. 4(c,d)). The resulting rotational symmetric
attern embeds into the original polygon, can be easily adapted to
olygons with a different number of edges by linearly mapping the
 o

2

ase slice into every fan triangle, and is exchangeable by definition.
oreover, due to rotational symmetry, the positioning of a pattern is

ndependent of possible rotations: this is convenient, as the mechanical
roperties of a structure composed of non-symmetric patterns would
epend on the direction of each metamaterial unit inside the structure.

To guarantee connectedness and tileability, we define a filtering
trategy to rule out slice configurations producing disconnected pat-
erns and patterns that do not correctly connect to the boundaries.
inally, the last issues to address are fabricability and suitability for
imulations. Indeed, the presence of non-manifold configurations and
harp angles in the pattern geometry would lead to disconnected or
ragile patterns and possibly to singularities in computation. We ad-
ress the problem by locally refining the geometry of patterns using
uadratic rational Bézier curves (Section 5): we automatically identify
roblematic areas that would generate disconnected or fragile patterns
nd add material to produce fabricable geometries (Fig. 4(e)).

The result is a catalog of patterns that present high variability
n terms of shape, aesthetics, and mechanical properties to support
pplications in metamaterial design. According to the combinatorial
trategy outlined above, the amount of patterns that constitute the
atalog depends on the number of subdivision steps performed in the
ombinatorial exploration phase. This paper considers two subdivision
teps: the combinatorial exploration phase produces 65535 geometries;
fter the filtering procedure, 430 exchangeable, connected, tileable
atterns are left (including mirrored patterns produced by symmetrical
riangular slices).

Of course, larger catalogs could be obtained by performing more
ubdivision steps. However, this would cause combinatorial expansion.
o solve this issue, we introduce a strategy to augment the gamut
f mechanical and aesthetic properties of our pattern catalog while
eaving the combinatorial generation process unchanged. The idea is
o continuously vary the geometry of existing patterns via perturbation
f the spatial position of vertices in the subdivided triangle slice, thus
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Fig. 4. The steps in our pipeline. We consider different solid/void subtriangles’ configurations in a triangular slice at multiple subdivision steps (a,b). The triangle slice is embedded
into a polygon, a hexagon, in this example (c). A polygonal pattern is generated by replicating the triangle slice via rotational symmetry (d). To get the final fabricable patterns,
we add solid material around predefined vertices using quadratic rational Bézier curves and a connectivity-preserving logic (e). [5].
generating possibly infinite, spatially-graded variations in aesthetics
and behavior. This step enriches the expressiveness of the design space
while avoiding combinatorial explosion (Section 6).

Our contribution is a simple yet elegant method to produce aesthet-
ically pleasant patterns at a controllable scale. This work was originally
presented at STAG 2023, International Conference on Smart Tools and
Applications in Graphics. With respect to the conference paper [5],
a first novel contribution is a strategy for enriching the design space
by adding possibly infinitely many patterns to the original catalog
via perturbation of the vertices of the initial planar space subdivision
(Section 6). Then, we add experiments on two 3D physical prototypes
to validate quantitatively our proposal. We 3D print two flat tilings of
patterns, apply loads, and validate the accuracy of simulations by 3D
scanning the deformed fabricated models and comparing the scanned
and the simulated object (Section 10.2). The agreement between the
physical and the simulated experiment demonstrates the accuracy and
the potential of our design-to-fabrication pipeline.

3. Related work

Our contribution fits within a large and thriving area of research
in computer graphics on fabrication-aware design. We summarize in
what follows the relevant state of the art on fabrication and design of
patterns and metamaterials.

3.1. Computational design and fabrication of patterns

Polygonal tilings have been studied for a long time in mathemat-
ics [6,7] and are used in particular for their intriguing aesthetics. Their
computational design has a long history in computer graphics [8–10].
Lately, discrete tiles were also employed to approximate a desired
3D shape by creating ornamental motifs [11–13]. Stylized surfaces
exploit a specific fabrication technique or a style and reinterpret a
target shape in an artistic manner while preserving its global geometric
features [14].

Pattern design complexity increases when used for architecture or
engineering intents at all scales since structural properties need to be
carefully considered. The work [15] proposes a computational method
to design variously-shaped curve networks on the object surface. Con-
versely, in a subtracting fashion, artistic cutouts can be carved on a
shell surface with a constraint of global stability of the shape as in [16].
Patterns can also affect the kinematics of an object. In the presence of
actuation, the 3D printed stripes in [17] allow compliant mechanisms
of stretchable membranes. In [18], a pattern of cuts on given material
sheets is inversely designed to control a kirigami shape-morphing.

3.2. Metamaterials

Metamaterials are artificially conceived materials that cannot be
found in nature. Their properties are determined by the inner distri-
bution of solids and voids rather than their material properties at the
atomic level. The behavior control occurs at the meta- (or meso-) scale
level, while the effects are observed at the macro-scale, i.e. in terms
of deformation, stress, energy [3,19,20]. The synthesized behavior
3

obtained so far via metamaterials include, for instance, exotic bulk-
to-shear-moduli ratios (named auxetic materials) [21,22], controllable
shape deformations [2,23,24], enhanced mechanical response [25,26].

Metamaterials are created out of a repetition of patterns [27–29], in
which the unit cells are often extremely tailored, possibly determining
an unusual appearance of the assembly. Indeed, the interplay be-
tween mechanical behavior and aesthetics gives birth to new challenges
related to the joint design of mechanical properties and appearance.

3.3. Model description and optimization

Physical simulation has long been used in computer graphics for
virtual animations. More recently, the rising importance of computa-
tional fabrication called for accurate simulations of material behavior.
As regular finite elements require intense computation, several reduced
models have been adopted to describe the mechanical behavior of meta-
materials for in-plane, bending, static, or dynamic behavior. Despite
the deep knowledge in material science on how to model the macro-
behavior of micro-structures, novel design theories, and fabrication
technologies, such as 3D printing, give birth to interesting and un-
usual deformation modes, which require updated and efficient descrip-
tions [30]. Homogenization is a widespread effective theory that maps
complex and non-homogeneous assembly to a coarser equivalent be-
havior at the macro-scale [31]. A viable alternative is a reduced-order
simulation, where the single metamaterial cell is replaced, for instance,
by a less intensive structure with simple or fewer elements [32,33].
Inverse design problems face the creation of tailored metamaterials
to conform locally to particular shapes or mechanical specifications,
and take advantage of reduced models to optimally place bespoke
units within an ideal voxel domain. This problem relates to topology
optimization, which investigates how to distribute solid material within
a target volume to maximize a given structural objective [34–36].

3.4. Comparison with relevant competitors

Our method deals with generating flat patterns tiled on a surface.
Flat pieces are practical since they can be easily transported and manu-
factured in different sizes with different fabrication techniques. In [37]
an input surface is approximated by using flat parameterized spiraling
patterns to produce small-scale and architectural-scale objects [38,39].
However, the pattern geometry is constrained to a four-arm spiral
pattern, and the reduced representation proposed only applies to that
specific type of pattern. In contrast, our goal is to produce a broad
family of patterns, providing significant variability in aesthetics and
mechanical properties.

Tozoni et al. [40] created a set of parametric rhombic microstruc-
tures with a continuous mapping between geometric parameters and
mechanical properties. Similarly, Martinez et al. [3] generate 2D tiled
geometries from Voronoi diagrams of regular lattices under star-shaped
distance functions. Their microstructures can be interpolated to vary
their mechanical properties smoothly. To assess the mechanical behav-
ior of pattern arrangements, the authors relied on homogenization [41].
However, these approaches apply only to in-plane scenarios, where the

patterns have few deformation modes, and it is easier to map them to
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Fig. 5. From left to right: the solid triangle; two possible solid/void configurations
produced after a first subdivision step; four possible solid/void configurations produced
after a second subdivision step; the polygonal patterns they generate. [5].

a simpler mechanical model. In contrast, in this work we target out-of-
plane deformation of flat patterns, and we run a posteriori simulations so
that the user can explore the space of all possible behaviors and select
the most suitable pattern based on its response. Indeed, homogenizing a
generic 3D mechanical behavior is still an open research question [42],
which is beyond the scope of this paper.

4. Pattern design via iterative space subdivision

4.1. From slices to patterns

We start by generating a geometry that can fit into any isosceles
triangle, called a slice. More formally, a slice is a regular triangulation
of a base triangle; every face has a label that is either 1 or 0. Label 1
indicates solid regions (i.e. regions filled with material), while label 0
indicates void regions.

Fig. 5 illustrates the subdivision and slice generation process. To
list the set of possible triangle slices, we perform a combinatorial
exploration of the space of possible slices through regular recursive
subdivision of a base triangle (1 to 4). We start from the solid triangle,
representing the full slice (Fig. 5(left)), and subdivide it into four sub-
triangles. We then consider all possible configurations of solids/voids,
adopting a subtractive approach and removing triangle areas. We ex-
clude the all-void configuration, as we require that a solid triangle
produces at least one solid subtriangle. Each slice can be visualized
by coloring the solid and void subtriangles in black and white, respec-
tively. For each configuration, we further subdivide each triangle into
four as above. Again, following a subtractive approach, a solid triangle
will generate all but one (15) configurations of solids/voids, while void
triangles produce only the void configuration (Fig. 5(middle)).

The process can be recursively applied, thus producing a tree of con-
figurations. At the 𝑛th step of recursion, the base triangle is subdivided
into 4𝑛 subtriangles, with at least a solid one. This corresponds to 24𝑛−1
ossible slices. This work considers two recursion steps corresponding
o 216−1 possible slice geometries. If we define an ordering of the faces
f the triangulation, we can encode the sequence of solids/voids in a
it-string that uniquely defines the slice.

Replicating a slice by rotational symmetry generates a triangulation
f a regular hexagon with labeled faces (Fig. 5(right)). We refer to
his new labeled triangulation as a pattern. We encode the geometry
f each pattern by 𝑉 , 𝐹 , 𝑐, where 𝑉 is the list of vertices, 𝐹 is the
ist of triangular faces and 𝑐 is a binary vector of size |𝐹 | expressing
hether the 𝑖th element maps by rotational symmetry to a solid (or
4

Fig. 6. (Top) A connected slice that generates a disconnected solid pattern; (bottom)
a disconnected slice that generates a connected solid pattern.

void) triangle of the generating slice. In analogy to the above, we call
solid pattern the subcomplex induced by the solid triangles of a pattern.
Each solid pattern is identified by a couple 𝑉 , 𝐹 , where 𝐹 is the subset
f 𝐹 determined by faces that are labeled by 1 in 𝑐.

4.2. Exchangeability, connectedness, tileability

By construction, all slices generate patterns that can be embed-
ded into any regular polygon; hence, exchangeability is guaranteed.
Unfortunately, not all patterns are suitable for producing mechanical
metamaterials. Indeed, triangle slices may produce solid patterns that
consist of separate components; therefore, we need to select only
slices that generate connected solid patterns. Furthermore, we enforce
tileability so that patterns embedded into adjacent polygons connect
correctly. Tileability and connectedness together ensure that, if a target
surface is connected, it remains connected if tessellated using any
subset of patterns. The following paragraphs detail our filtering strategy
to select slices that produce connected and tileable patterns.

Connectedness. In our analysis, we have observed that disconnected
slices do not necessarily imply disconnected patterns, and vice versa,
as illustrated in Fig. 6. Therefore, relying solely on the connectivity
of a single slice is not sufficient to assess the overall connectivity of
the generated pattern. We model the connectivity of the whole pattern
using a graph 𝐺, which encodes the adjacency between the faces of
the generated solid structure. We model each face of the solid pattern
triangulation as a node (referred to as face node), accompanied by
its three vertices (vertex nodes). All face nodes are connected to their
vertex nodes (red edges in Fig. 6). The graph thus defined is a simplicial
complex of dimension 1, where the link of a vertex node is the discrete
et of face nodes associated with the triangles containing that vertex. It
olds that a slice produces a connected solid pattern if and only if the
raph 𝐺 is connected.

Given the consistent topology of the base slice across the triangle
fan, one might be tempted to construct the graph 𝐺 using a single slice
and connecting the nodes on the left side to their corresponding nodes
on the right side.

However, this approach proves insufficient for capturing the con-
nectivity of cyclic structures. As a counterexample, this approach would
incorrectly identify the pattern generated by the triangular slice shown
in Fig. 7 as connected. The solution is to generate the graph 𝐺 on
two adjacent slices, with their open sides connected at correspond-
ing nodes. This method ensures a comprehensive evaluation of both
intra- and inter-slice connectivity, regardless of the number of triangles
comprising the pattern.
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Fig. 7. Connectedness failure case.

ileability. Having defined a criterion to select slices that correspond to
onnected solid patterns, we must deal with the problem of assembling
olid patterns to produce a connected structure. Patterns must connect
long the boundaries of the polygon. Therefore, we need to restrict to
olid patterns that touch the boundary of the polygon. Obviously, this is
ot a sufficient condition: if two adjacent solid patterns are connected
o disjoint points on the polygon boundary, they still fail to connect
o one another (Fig. 8(a)). Additionally, we have to prevent patterns
rom only partially connecting along the polygon boundary (Fig. 8(b)),
hich would complexify the mechanical interaction of adjacent solid
atterns.

To ensure proper connection, we impose the condition that the
ntersection between a solid pattern and a polygon edge must be
ymmetric with respect to the midpoint of the polygon edge. We say
hat two patterns properly connect if they induce two solid patterns such
hat the edges and vertices that lie on the common polygon boundary
oincide (Fig. 8(c)). A family of patterns that properly connect to
ach other is tileable and is suited for mechanical simulations. To
void complex behaviors in mechanical interactions of adjacent solid
atterns, we restrict to patterns that connect exclusively on the open
dge of the polygon, thus excluding the case of three (or more) solid
atterns sharing a polygon vertex. In particular, we select solid patterns
hat connect to the boundary of the polygon exactly by the midpoint of
ts edges. To perform this selection, we simply check that all faces of
he boundary edge of a slice are void except the middle triangle (e.g.,
ig. 4(c)).

The solid patterns are then modified to produce a metamaterial that
s fabricable, with a filleting procedure described in the next Section.

. Addressing aesthetics and manufacturability via vertex filleting

Thus far, we have defined conditions for slices to produce solid
atterns that are tileable, exchangeable, and connected. However, we
eed some post-processing to generate fabricable solid patterns with a
roper structure and suited to perform mechanical simulations. Indeed,
lices with non-manifold vertices produce solid patterns that, when
anufactured, would result in either a disconnected or weak object.

imilarly, the connections between patterns should be robust enough.
inally, the presence of sharp angles can lead to inaccuracies in the
echanical simulation of the pattern and also affect the aesthetics of
atterns. Fig. 9(a) shows problematic vertices in a solid pattern: non-
anifold vertices (green dots), sharp angles (blue dots), and interface

ertices that connect two patterns (red dots). To address these issues,
e locally refine the shape of the solid pattern around problematic
ertices by adding or removing solid material according to the config-
ration of the star of vertices. In other words, we edit patterns so that
hey are represented by a 2-dimensional piecewise-linear (PL) manifold
esh with boundary, where the boundary PL-approximates smooth

urves (Fig. 9(c)).
The first step is to identify problematic vertices. This step can be

erformed by analyzing the link of each vertex in a solid pattern. Non-
anifold vertices are identified as vertices whose link is disconnected.

harp angles are identified as vertices whose link is connected and
ade of a number of edges different than three or six. Interface vertices

re identified as vertices that lie on the polygon edge. Fig. 10(top
ow) shows the set of possible configurations of solid/void triangles
n the star of a non-manifold vertex, up to rotations; Fig. 11(top
5

ow) shows the set of possible configurations of solid/void triangles
n the star of a vertex corresponding to a sharp angle, up to rotations.
astly, Fig. 12(left) shows the configuration for interface vertices, up
o rotations.

The idea is to locally refine the mesh representing the pattern
round a problematic vertex by adding vertices in its open star. The
ertices approximate quadratic rational Bézier curves, whose control
olygons are pairs of edges incident to the problematic vertex and
hared by a solid and void face. The pairs of edges defining the control
oints are chosen to preserve the connectedness of the pattern. The
eights for the control points are assigned by following two strategies,
epending on whether the vertex lies in the interior of the polygon or
n one of its edges. Therefore, we create a look-up table with all prob-
ematic vertex configurations and the corresponding filleting strategy.
f the vertex is non-manifold or represents a sharp angle, we assign the
ame weight to all the control points, thus producing a quadratic Bézier
urve. The resulting curves are shown in Fig. 10(bottom row) and
ig. 11(bottom row). If, instead, the vertex lies on a polygon edge, the
urves are defined considering that, once the patterns are connected,
he vertex produces a non-manifold configuration already considered
n the previous cases (Fig. 12). In this case, we assign different weights
o the control points to produce a stiff connection among patterns. In
his paper, we consider (1, 0.2, 1) as the weight vector for control points,

where 0.2 is assigned to the interface vertex and 1 is assigned to its
adjacent control points. The resulting curve is shown in Fig. 12(right).
This choice of weights ensures that the patterns can be simulated and
properly fabricated without altering their aesthetics.

One issue to solve is that different orderings in performing the fil-
leting of vertices could produce different results, as the filleting affects
the star of vertices. To this end, we perform a mesh subdivision step to
guarantee that local modifications around each vertex are independent
of the ordering in which they are applied. Formally, let  be the set
of indices of problematic vertices in the mesh  = (𝑉 , 𝐹 ) representing
the pattern. We perform a refinement step by further subdividing the
triangles into four sub-triangles (Fig. 9(b)). This step produces a new
mesh ̂ = (𝑉 , 𝐹 ) and a corresponding set ̂ of updated indices of
vertices to process. In the refined mesh ̂, the vertices in ̂ will
necessarily belong to different faces; in particular, their open stars will
be pairwise disjoint. Therefore, the local modification of the open star
of vertices in ̂ yields results that are independent of the order of vertex
processing.

To locate the set of vertices 𝐵 approximating the boundary curves,
we employ the generalized De Casteljau algorithm for rational Bézier
curves [43]. We update the set of vertices 𝑉 by adding the vertices in
𝐵 and the set of mesh faces 𝐹 accordingly. It is important to note that,
thanks to the subdivision step yielding �̂� , the rational Bézier curves
are locally defined so that geometric continuity of the tangent vector
is globally ensured (Fig. 9(c)). Finally, if ̃ is the mesh representing
the solid pattern induced by ̂, we isotropically remesh ̃, before
simulating its mechanical behavior.

6. Augmenting the design space via perturbations of the base
geometry

The patterns generated by our method exhibit a discrete nature,
characterized by a limited number of variations determined by the
triangle subdivision steps. This discrete nature limits the number and
diversity of available patterns by design. Indeed, with two subdivision
steps, the combinatorial exploration and the subsequent filtering phase
produce a discrete set of 430 different geometries.

While increasing the number of subdivision steps would increase
the number of patterns, it would also lead to a costly combinatorial
expansion. Therefore, to enhance the expressiveness of patterns within
the same discrete combinatorial framework, we introduce a method
to obtain continuous shape variations without altering the topology

of patterns. We spatially displace the positions of the vertices in the
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Fig. 8. Sample tiling of a single pattern in a hexagonal tessellation: (a) a solid pattern that fails to connect; (b) a solid pattern that fails to connect properly; (c) a solid pattern
that properly connects. [5].
Fig. 9. (a) A pattern as a simplicial 2-complex with colored faces. The sub-complex generated by black faces is the solid pattern, which has non-manifold vertices (green dots),
ertices identifying sharp angles (blue dots), and interface vertices connecting different patterns (red dots); (b) Mesh refinement before the filleting procedure around problematic
ertices; (c) filleted pattern, with boundaries that approximate smooth curves [5].
Fig. 10. All possible configurations of solid/void triangles in the star of non-manifold vertices (top row) and the corresponding filleting strategies (bottom row). Gray dots indicate
ézier control points.
Fig. 11. All possible configurations of solid/void triangles in the star of vertices at
sharp angles (top row) and the corresponding filleting strategies (bottom row). Gray
dots indicate Bézier control points.

Fig. 12. Filleting interface vertices that lie on the polygon edge. Gray dots indicate
Bézier control points.
6

triangle slice at the second subdivision step while keeping the solid
pattern generation process unchanged. By continuously moving the
position of vertices in the triangle slice, each of the 430 patterns
possibly yields an infinite spectrum of shape variations.

Fig. 13 illustrates 16 example shape variations in the geometry
of the base triangle (first and fourth columns) and the corresponding
16 shape variations generated for two distinct base patterns. It can
be observed how different geometries in the triangle slice result in
noticeable variations in the corresponding patterns. Remarkably, as we
will show in the experimental section, as the variations proposed in-
fluence the pattern geometry continuously, they result in a spectrum of
mechanically-varying properties for each pattern. Therefore, the design
space is largely enriched, both in terms of aesthetics and behavior.

To ensure tileability, we only allow moving the vertices that do
not belong to the polygon edge and the interface triangle. Indeed,
moving the vertices at the interface between patterns could produce
non-matching shapes while connecting different patterns.

7. Testing and fabrication experimental setup

Our pipeline is implemented in Python, using the libraries li-
bIGL [44] and PyMeshLab [45] to manipulate 3D meshes. We perform
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Fig. 13. Example shape variations on two patterns in our catalog. Top row: the
original regular geometry of the triangle slice (repeated to form a hexagon) and
the corresponding patterns. First and fourth columns: variations in the geometry of
the triangulation, obtained via displacing the spatial positions of vertices. The other
columns show the corresponding variations in the generated patterns.

simulations to characterize the mechanical response of patterns. We
consider three different loading scenarios (Cantilever, Cylinder and
Dome), and analyze the simulation results in detail for two different
patterns (Section 8). We use the commercial Finite Element software
Abaqus [46] to perform the simulations. Before solving the models,
we remesh the patterns with an isotropic triangulation using a target
edge length of 2mm. The triangle mesh is converted into S3 small-strain
shell finite elements to perform a nonlinear static analysis with large
displacements. A linear elastic isotropic material model is adopted,
simulating a common 3D printed PLA material with density of 1.23
g∕cm3, Young’s modulus of 𝐸 = 1.0 GPa, and Poisson ratio 0.3.

To support the user in the navigation of the design space, we
implemented a browsing interface that allows the exploration of the
catalog of patterns in terms of mechanical properties and aesthetics
(Section 9).

To validate our design-to-fabrication pipeline, we fabricate differ-
ent physical structures and compare their behavior with respect to
calibrated simulation results (Section 10). The structures are fabri-
cated with an Ultimaker S5 3D printer using PLA material. The struc-
tures involved in the physical tests were measured using a metrology
structured-light 3D scanner (GOM ATOS 5M).

For both simulation and physical fabrication, patterns are installed
in a regular hexagon with edge length equal to 3.6 cm, and thickness
equal to 0.2 cm.
7

8. Structural simulation results

We tested the dataset of 430 patterns against three standard sce-
narios that cover a sufficient range of deformations. These scenarios
mobilize the main ways of loading 2D thin plates in the out-of-plane di-
rection, which induces 3D bending. While characterizing a mechanical
metamaterial for in-plane deformation or loading is a widespread topic,
exploring its bending behavior in 3D is a novel subject. Simulation
results reveal that our patterns exhibit a variety of deformations, ex-
panding the range of deformations obtainable with solid, non-patterned
materials.

We showcase two patterns with different geometric features and
void/solid distribution to describe the three scenarios and to prove the
high variability of their structural response. The first pattern has rota-
tional symmetry and has a small area located peripherally. The second
pattern has XY symmetry and has a dense, centered area (Fig. 14).

In our first scenario, the pattern is cantilevering from one interface
extreme and is submitted to an out-of-plane force of 𝐹𝑧 = 1.5 N on the
opposite extremity. The fixed extreme has fully fixed nodes. We aim at
simulating the elastic shape of the patterns. The results in Fig. 14(a)
show the deformed shape of the patterns in the Cantilever scenario
with a superimposed color map of the strain energy per finite element.
The patterns initially lay on the XY plane. As expected, the structures
show a diverse and complex behavior even for this simple scenario.
The first pattern (Fig. 14(a,top)) has non-symmetric deformation field
and uneven distribution of strain energy, as demonstrated by the non-
symmetric colors in the map. For the same load, it attains higher
deformation than the second pattern (Fig. 14(a bottom)). The load path
from the application point to the support is long in the first case, so
the forces flows along the entire pattern. Besides its larger area, the
second pattern is also more efficient, providing a more direct load
path. Moreover, its stress and deformation are XY symmetric. A solid
hexagon would behave similarly to the bottom pattern but with a stiffer
response. Instead, it would be impossible to compare the top pattern
with a solid hexagon.

In our second scenario (Fig. 14(b)), the patterns are deformed to as-
sume a cylindrical shape. In this setup, we use pin joints on one extreme
to fix X, Y, and Z translations and roller joints on the opposite extreme
to fix only Z translations. Then, we apply opposite bending moment
𝑀𝑥 = 50 Nmm on both extremes to shrink the Y distance between
them (the rollers slide towards the pins) while inflating the shape. The
results show a different stiffness of the patterns as demonstrated by the
displacement field and the strain energies. While the most prominent
utilization of the structural material is at the supports as expected, the
less dense pattern (Fig. 14(b,top)) is also characterized by localized
high-energy areas when the width of patterns is reduced. Instead, when
the width is larger, parts of the patterns are unused and dangling, so
they remain almost flat. The color map has rotational symmetry. The
pattern in Fig. 14(b,bottom) has a very low XY-symmetric deformation
and can be compared with a solid hexagon tile.

Our third scenario simulates double curvature (Fig. 14(c). Here,
one extreme has a pin joint (X, Y, Z fixed translations), while all the
other extremities have roller supports, so they are constrained to be
on the XY plane but can slide on it. We applied bending moments
𝑀 = 100 Nmm, whose axes are aligned with the edge of each extreme,
to have a blow-up effect that makes the shape similar to a Dome. In this
scenario, bending forces applied with different axes induce a complex
state of internal forces acting in the pattern. Therefore, the strain
energy is affected by the straight bending along the supports and by
in-plane bending elsewhere. In particular, the pattern in Fig. 14(c,top)
suffers from stress concentrations in small-width areas due to in-plane
bending. The pattern has a large deformation and consequently attains
high energy. Instead, the pattern in Fig. 14(c,bottom), is much more
efficient because it has larger and centered structural material to face
the equilibrium of all the radial forces coming from the extremes.
Moreover, its ‘star points’ are affected only by straight bending.
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o

Fig. 14. Mechanical analysis results: ‘Cantilever’ (a), ‘Cylinder’ (b), and ‘Dome’ (c) simulation cases shown for two patterns (top and bottom). The strain energy is color-mapped
n the deformed pattern..
Fig. 15. Scatter plots representing the family of patterns and the relation between geometric and mechanical characteristics. Each dot represents a pattern. (a) A first cluster
of patterns having similar geometric features, highlighted in color; scatter plot according to perimeter and area. (b,c,d) Scatter plots for the three different simulation scenarios,
according to polar moment and total strain energy [5].
9. Exploring the design space

From the user’s perspective, finding patterns that exhibit a certain
aesthetics and simultaneously target a mechanical behavior is not easy,
being the relation between geometry and mechanical performance
often not intuitive. Therefore, we designed a simple browsing interface
that enables the exploration of the design space, in terms of both
aesthetics and behavior, using scatterplots. The dots are patterns, while
𝑥 and 𝑦 coordinates indicate geometric and mechanical parameters
(area, perimeter, and their normalized ratio, polar moment, total strain
energy).

The geometric complexity of the patterns makes the mechanical
characterization a challenging task since each pattern can be strongly
affected by local phenomena, i.e., excessive deformation, stress con-
centration, or even failure. Nevertheless, in the early design phase, it
is convenient to describe a pattern’s mechanical behavior by means
of a high-level single parameter so that the user can select a subset
of patterns to employ in a tiled configuration. Internal forces among
patterns spread out based on their stiffness, and, to have equilibrium,
all patterns shall have a similar energy level. Therefore, we show
examples of navigating the design space of our patterns while using
the total strain energy of a pattern in each scenario.

Figs. 15 and 16 report examples of plots, which can be explored
in our design interface. We use perimeter (mm) and area (mm2) to
describe the geometric features of the patterns. Consequently, clusters
in the scatter plot perimeter-area highlight patterns that are uniform

from an aesthetic perspective. Identifying clusters is quite simple due

8

to the discrete nature of the generation process of removing one triangle
at a time. We use the polar moment of area as an additional parameter
to plot the values. The polar moment has a geometric meaning and
characterizes the distribution of the area with respect to the center of
the hexagon. For the same area, patterns with peripheral distribution
have higher polar moments. Additionally, the polar moment has a
mechanical meaning in that it describes the attitude of a body to
resist torsion. Moreover, the polar moment is the sum of the two
moments of area, namely the description of the resistance to bending.
In general, the higher the polar moment, the stiffer the pattern. Finally,
this parameter is simple to compute and can be obtained from geometry
only.

In Fig. 15 we select patterns from a geometric cluster. In plots (b),
(c), and (d), these patterns reveal a very different mechanical behavior,
as shown by the colored dots in the scatter plot. The importance of the
strain energy can be observed by looking at the patterns highlighted
in blue and magenta: even if they have similar area, perimeter, and
polar moment, the magenta one is more efficient and does not suffer
from underused parts (dangling components discussed in the previous
Section). In particular, the strain energy values for the three scenarios
are 17.06, 17.49 and 191.61 MPa for the pattern highlighted in magenta,
and 19.69, 23.01 and 233.60 MPa for the pattern highlighted in blue.

In Fig. 16, we select a different cluster of patterns having higher area
and lower perimeter. Therefore, they are compact and stiffer on average
than the patterns in the previous cluster. The same discussion on the

dispersion of energy data also holds in the present case. However, it is
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Fig. 16. Scatter plots representing the family of patterns and the relation between geometric and mechanical characteristics. Each dot represents a pattern. (a) A second cluster
of patterns having similar geometric features, highlighted in color; scatter plot according to perimeter and area. (b,c,d) Scatter plots for the three different simulation scenarios,
according to polar moment and total strain energy [5].
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Fig. 17. Scatter plots showing how the variations in the pattern geometries obtained
via vertex displacements (green and red dots) reflect in the gamut of available aesthetic
(left) and mechanical (right) properties..

important to observe that the mechanical performance is also scenario-
dependent. Indeed, the first pattern of the present cluster (lime green in
Fig. 16) has total strain energy similar to the last pattern in the previous
cluster (magenta in Fig. 15) in the case of Cantilever and Dome (17.21
and 186.13 vs 17.06 and 191.61 MPa). At the same time, this value is
ifferent in the Cylinder scenario (15.95 vs 17.49 MPa).

The scatterplots above show how users can explore the design space
panned by the 430 patterns generated by our combinatorial strategy.
s observed in Section 6, the design space can be enriched by consid-
ring variations on each of the 430 patterns, by altering the position of
ertices in the triangle slice that generates the pattern at hand. Fig. 17
hows how the patterns generated by the 16 example variations in
ig. 13 are positioned in the scatterplots for perimeter/area and for
train energy/polar moment in the cantilever scenario, for two example
atterns. It can be observed that the variations largely enrich the gamut
f shapes available, as well as the gamut of mechanical behaviors
vailable to the users. Even though we have only shown a handful
f example variations, the number of variations is possibly infinite
nd continuously depends on the amount of vertex displacements;
herefore, the variations result in a spectrum of mechanically varying
roperties for each pattern. These continuous variations open up the
ossibility to largely densify the design space of our patterns.

The features described above enable the combining of patterns
ased on the visual effect a designer may want to achieve. However,
hey also remark on the centrality of the intended use of a tessellated
lane since only certain combinations of patterns are effective for a
iven curvature or target shape, as shown by the fabricated examples
n the next Section.

0. Physical experiments

Our design method relies on simulating the geometric patterns with
ifferent configurations of loads and constraints, but we need to check
he actual behavior of a physical structure with the aim of validating
he accuracy of our design-to-fabrication pipeline. For a qualitative and
9

uantitative assessment of our method, we fabricate and assemble a set
f four physical objects, a sphere and three strips, using either uniform
r variable pattern tessellations.

0.1. Fabrication results: qualitative evaluation

Our patterns can be assembled to create diverse surface tessella-
ions. In a direct design fashion, the patterns can be selected from the
esign interface based on their aesthetics and stiffness.

Fig. 18(left) shows the first fabricated specimen. We adopt a trun-
ated icosahedron geometry made of 20 regular hexagons and 12
egular pentagons to form a spherical surface. The purpose is to demon-
trate the validity of our approach in the generation of patterns for
ifferent polygons and their tileability property. In general, if the
olygon is as regular as possible, the structural simulations are valid in
elative terms even if the number of polygon edges changes. Therefore,
sing different polygons as singularities has a negligible effect on the
verall shape. In the present case, we select two patterns from the dome
cenario with similar strain energy producing, indeed, when jointed,
spherical shape without distortions. It is worth mentioning that the

dopted geometry and the number of connections favorably introduce
strong geometric constraint. The patterns have a negligible in-plane

train, and all the deformation is necessarily achieved by bending.
The pattern stiffness is related to its strain energy. Since our simu-

ations use a constant force for all patterns in a scenario, patterns with
smaller resulting strain energy are stiffer than patterns with a higher
ne. These latter have larger deformation. Recently built examples [37,
8] demonstrate that, when joining patterns with uniform stiffness,
oth the tributary internal energy and deformation are similar for a
niform loading; instead, when joining patterns with different stiffness,
nly the tributary internal energy is similar.

In our specimen in Fig. 18(right), we tile groups of six regular
exagons to form a patterned strip, and we provide pin restraints at the
xtreme to observe a cylinder-like deformation. To showcase this effect,
e select four patterns from the scatter plot of the cylinder scenario

Fig. 15(c)) with decreasing strain energies (from left to right in the
trip of Fig. 18: 34.20, 33.18, 20.29 and 15.47 MPa). As expected, the

internal force is constant for equilibrium reasons, and consequently,
stiffer patterns (on the right) are almost undeformed. The bending
attitude grows, moving to the left as the groups of patterns are ordered
from the stiffer to the softer. The result is a surface which bends
asymmetrically. The 3D printed flat PLA patterns are regular hexagons
of 3.6 cm edge and 0.2 cm thickness, i.e., having the same proper-
ties adopted for the simulations. All pattern interfaces are connected
through a 3D printed sleeve providing full restraint so that the resulting
deformation of the assembled specimen is uniquely provided by the

patterns’ bending capacity.
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Fig. 18. Two fabricated examples to demonstrate the applicability of our method. (Left) a spherical assembly obtained by tessellating a truncated icosahedron using two patterns.
(Right) a ‘‘graded’’ strip composed of four increasingly stiffer patterns (from left to right): when compressed horizontally the strip bends asymmetrically, accordingly with the
employed pattern distribution.
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Fig. 19. Experimental setup for the test performed on the patterned specimen with
an external load located at the center. The specimen deflects while the supports roll
inward. At equilibrium, its shape is captured using a structured-light 3D scanner (gray
3D models in Fig. 20).

10.2. Fabrication results: quantitative evaluation

To measure the actual behavior of a tessellated structure under
a load with respect to the simulation, we fabricate two assembled
specimens, starting from selected patterns. We tile regular hexagons to
form a 3 × 12 strip, with the central row having 13 hexagons. From
he user interface, we select two patterns with different strain energy
alues, as depicted in Fig. 17(right). The green-highlighted pattern
emonstrates higher strain energy, indicating greater bending capacity
han the red-highlighted pattern. The first specimen is uniformly tiled
ith the red-highlighted pattern and is expected to exhibit an almost-
niform curvature. Conversely, the second specimen is tiled with two
ifferent patterns, one for each half. The expected curvature is higher
n the half employing the softer pattern (green), while the other half
pecimen remains flatter due to the stiffer pattern adopted.

The two specimens are 3D printed using PLA material with a
easured density of 1.81 g∕cm3, and a Young modulus of 𝐸 = 3.1 GPa,

taken from the producer’s technical sheet (for the case of flat printing
on the build plate). Due to the printer’s working area, the specimens
are printed in multiple sections and later joined using connectors.

The experimental setup is shown in Fig. 19. The extremes of the
specimens are equipped with PLA connection profiles linking to free-
rolling 8 mm aluminum shaft with almost-frictionless conic wheels that
allow the translation along a rail. The total rest span is 843 mm. Two
10
rigid 40 × 40 mm aluminum profiles with continuous grooves allow
the specimen rollers to slide inward due to load. The test consists in
suspending the specimens until the equilibrium is reached, measure
their deflection via 3D scanning, and compare with the simulation
results.

We test the specimens by affixing a weight of 70.5 g to the central
pattern (Fig. 19). The specimens bend as a consequence of their own
weight and the applied load: the deflected shape is then digitized using
a metrology structured-light scanner (GOM ATOS 5M), using markers
to ensure a precise data registration.

Fig. 20 shows the 3D models resulting from the 3D scanning (in
gray) compared with a solid geometrically nonlinear simulation (col-
ored) that adopts the same finite elements settings of Section 8, in front
and perspective views. The 3D models are aligned to have a perfect
overlap at the left support.

The uniformly tiled specimen (Fig. 20(top)) has a uniform stiffness
and yields a deformed shape that tends to a catenary curve. The simu-
lation well matches the overall shape measured with 3D scanning. The
distance from the supports is 648.6 mm while the maximum deflection
is 239.3 mm and is located at the center. However, the connectors
inking the three sections slightly influence the real shape. Locally, they
nsure geometric continuity but also cause stiffening. This effect is not
odeled in the simulation; hence the distance between the two models

esults in 4.7 mm.
The two-patterns specimen (bottom in Fig. 20) has a more evi-

ent deformation, having a span 585.6 mm and maximum deflection
269.3 mm at equilibrium. Remarkably, as expected, it is affected by
the uneven stiffness of the patterns, which makes the curvature higher
on the left, where a slender pattern is used. Note that the right part
is tiled with the same pattern of the first specimen. The lowest point
of the deformed shape is indeed shifted on the left and occurs at the
transition between patterns. The maximum distance between the 3D
scanned model and the simulation is 4.6 mm.

11. Conclusions

This work focuses on the creation of a catalog of flat, tileable
patterns to design mechanical metamaterials. Assuming a target surface
approximated as a polygon mesh with (almost) regular faces, we define
a regular recursive subdivision of polygons to produce exchangeable
patterns to tile the surface. We define a strategy to filter the discon-
nected ones and conditions to ensure tileability. To produce geometries
that are both fabricable and suited for simulations, we introduce a
proper filleting strategy around non-manifold vertices, along with ver-
tices that produce sharp angles, which could cause singularities in
computation during mechanical simulations, and vertices that lie on the
polygon boundary. We perform mechanical simulations of each pattern
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Fig. 20. 3D models measured in the experimental test (in gray) in comparison with a
simulation based on finite elements (colored): at the top, the uniformly tiled specimen
in front and perspective view; at the bottom, the two-patterns specimen in front and
perspective view. The 3D scanner has measured only the top face of the specimens.

under three loading scenarios and implement a browsing interface that
supports the exploration of the catalog of patterns in terms of aesthetics
and mechanical behavior. Overall, significant variability in aesthetics
and mechanical behavior is observed, also thanks to a strategy to
produce continuous variations in the pattern geometries. Finally, we
demonstrate that our patterns can be fabricated and assembled to create
surface tessellations with different out-of-plane bending behavior. Our
results, including the agreement between the physical experiments and
the simulations, demonstrate the feasibility of our method as the first
step in the direct design pipeline.

In the future, we plan to expand the browsing interface by including
more aesthetic criteria for pattern selection, such as axial symmetry
or the presence of a solid or empty center. We also plan to add the
11
possibility to filter the patterns based on user-provided ranges of values
for one or more criteria.

Besides addressing the direct design pipeline, future work could also
include the inverse design problem, where the user provides a generic
target shape. The most appropriate patterns are automatically selected
and designed so that, once bent and assembled, they match the input
shape. We believe that the seamless transition between the different
patterns assembled in the fabricated sphere is a notable advantage
in this direction, as it demonstrates that different patterns have the
potential to integrate harmoniously within an assembled structure,
without compromising the overall perception of the geometry.

A significant issue in conducting inverse design with metamate-
rials is that metamaterial structures present a complex geometry at
the meso-scale, considerably increasing simulation costs. This reason
pushed other researchers to work on simplified models, e.g. homog-
enization, thus severely limiting the design space. A possible research
direction for finding equivalent metamaterial properties could be based
on artificial intelligence techniques, with learned responses replacing
computationally-intensive, physically-based simulations of the generic
patterned surfaces.

Finally, a limitation of our approach is that it relies on an a pos-
teriori filtering procedure of the generated patterns. In the future, we
plan to study space-pruning strategies based on topological constraints
that allow filtering at each step of recursion. This would orient the
combinatorial exploration of the space of patterns towards a family of
geometries that meet the constraints from the earlier steps.
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